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Abstract 

We continue investigations of our papers |24[ [25] I26| . in which there were proved 
CLTs for linear eigenvalue statistics Tr (p(M^) and there were found the limiting prob- 
ability laws for the normalised matrix elements y/nLpjj{M^ n " > ) of differential functions of 
real symmetric Wigner matrices . Here we consider another spectral characteristic 
of Wigner matrices, ££[<p] = Tnp(M^)A^, where {A^}™ = l is a certain sequence of 
non-random matrices. We show first that if belongs to the Gaussian Orthogonal 

Ensemble (GOE), then ££°[<p] satisfies CLT. Then we consider Wigner matrices with 
i.i.d. entries possessing entire characteristic function and find the limiting probability 
law for which in general is not Gaussian. 

7— I ■ 
> 

(N ! 1 Introduction 

o i 

The asymptotic behavior of spectral characteristics of large random matrices M^ n \ when the 
size n of matrix tends to infinity, is of the great interest in the random matrix theory. One 
of the main questions under the study is the validity of CLT. In the last two decades there 
was obtained a number of results on the CLT for linear eigenvalue statistics Tr tp(M ( n >) and 
other spectral characteristics (see [21 El El El HH [121 HS1 LI71 HE! EQl EH [381 SHI SQl SI1 S2] 
^ ■ and references therein). It was found that in many cases fluctuations of various spectral 
characteristics of eigenvalues of random matrix ensembles are asymptotically Gaussian (see 
[21 El H21 HH HT1 [2U [331 EH [391 SH S2])- But the CLT is not always the case. Thus it was 
shown in |33] that the CLT for linear eigenvalue statistics is not necessarily valid for so called 
hermitian matrix models, for which in certain cases appear non-Gaussian limiting laws. 

Another example of non-Gaussian limiting behavior is presented in works [261 ESS EH] 
dealing with the normalized individual matrix elements y/nLfjj(M ( - n ^) of functions of real 
symmetric Wigner random matrix. The particular case of matrix elements y/n(fjj(M^) 
with MW belonging to the GOE was considered earlier in [26], where it was proved that 
y/n((pjj(M^))° satisfies the CLT. But in [261 EQj [38] it was shown that in general case of 
Wigner matrices the limiting probability law for y/n(Lfjj(M ( n )))° is not Gaussian but the sum 
of the Gaussian law and probability law of entries of y/nM^ modulo a certain rescaling, 
and to obtain the CLT, one has to impose an integral condition on the test function. 

In particular, the fact that in contrast to the linear statistics of eigenvalues, individual 
matrix elements in general do not satisfy CLT reflects influence of eigenvectors and gives 
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some information about asymptotic properties of eigenvectors. Indeed, in the case of the 
Gaussian random matrices (GOE, null Wishart) the eigenvectors are rotationally invariant 
and according to recent works [HI Q2J [22] the eigenvectors of the non-Gaussian random 
matrices (Wigner, sample covariance) are similar in several aspects to the eigenvectors of 
the Gaussian random matrices. On the other hand, the results of [25] and |26[ I3P1 [38] imply 
that there are asymptotic properties of eigenvectors of the non-Gaussian random matrices 
which are different from those for the Gaussian random matrices. 

This paper continues the investigations of [24, I2S1 (26]- Here we consider random variable 

g[<p]=Tr<p(MW)A«>, (1.1) 

where ip is a smooth enough test-function and {/4> n ^}^Li is a sequence ofnxn non-random 
matrix satisfying 

(i) lim n^TrA^A^ = 1, (1.2) 

n— >oo 

(ii) 3 lim rT l TrA^ = T A . (1.3) 

71— >00 

Let us make some examples: 

1. Linear eigenvalue statistics. If = T n \ then T^ = 1 and 

6n M = Try?(M (n) ). (1.4) 

2. Matrix elements. If Ap^ = y/n8jiSj m , then T A = and 

CiM = yfapdMM). (1.5) 

3. Bilinear forms. If A^ = \fnr\xr\ m , where 

71 

^) = (^,...,^)f, lim £fo< n >) 3 = 1, (1.6) 

71— >00 ' ' 
1 = 1 

then Ta = and 

e>] = v^(M("V n W n) )- (i.7) 

Here we find the limiting probability law for as n — > oo. Our main result is Theorem 

15.11 below, where the limiting expression for characteristic function of £n°M is given and 
written through the cumulants of matrix entries and quantities depending on a sequence 
{A^}^ =1 . Let us note that the corresponding theorems for linear eigenvalue statistics (jl.4p 
and matrix elements (II. 5ft of [241 1251 1261 [36] can be obtained from Theorem 15. II as particular 
cases (however, under much stronger conditions). 

The paper is organized as follows. Section [2] contains definitions, some known facts 
and technical means used throughout the paper. In Section [3] we consider the case of the 
Gaussian Orthogonal Ensemble (GOE) and prove CLT for £^[<£>] (see [22] for the analogous 
statements for matrix elements). Then we find the limiting variance, Sections [U and the 
limiting probability law, Sections 0, for for the Wigner matrices. Section [H] contains 

auxiliary results. We confine ourselves to real symmetric matrices, although our results 
as well as the main ingredients of proofs remain valid in the hermitian case with natural 
modifications. 

Convention: We will use letter c for an absolute constant that does not depend on j, k, 
and n, and may be distinct on different occasions. 
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2 Definitions and Technical Means 



To make the paper self-consistent, we present here several definitions and technical facts 
that will be often used below. We start with the definition of the Wigner real symmetric 
matrix M^ n \ and put 

M (n) = n~ 1/2 W {n \ W in) = {W^ E R, W$ = Wif} n hk=11 (2.1) 
where {Wj% }i<j<jfc<n are independent random variables satisfying 

E{W$} = 0, E{(W^n = w 2 (l + 6 jk ). (2.2) 

The case of the Gaussian random variables obeying (12. 2p corresponds to the GOE (see e.g. 
[27]): 

M(«) = n-^W^, WW = { W jk = W kj e R, W jk e Af(0, w\l + 5 ifc )) }",*=!• ( 2 - 3 ) 

Here for simplicity sake we define Wigner matrix so that first two moments of its entries 
match those of GOE. It can be shown that if E{(wjff} = w 2 W2, then corresponding expres- 
sions for the limiting variance and characteristic function have additional terms proportional 
to (w2 — 2) (see Remarks 14.51 and 15. 2h . 

We will assume in what follows additional conditions on distributions of mostly in 

the form of existence of certain moments of Wj^\ whose order will depend on the problem 
under study. 

The next proposition presents certain facts on Gaussian random variables. 

Proposition 2.1 Let £ = {Ci}f=i be independent Gaussian random variables of zero mean, 
and $ : R p — > C be a differentiable function with polynomially bounded partial derivatives 
I = 1, ...,p. Then we have 

E{C,$(C)} = E{C?}E{$KC)}, I = 1, ...,p, (2.4) 

and 

Var{$(C)}<^E{C 2 }E{|$;(C)| 2 }. (2.5) 
i=i 

The first formula is a version of the integration by parts. The second is a version of 
the Poincare inequality (see e.g. [7j). Formula (12.41) is a particular case of more general 
formula. To write it we recall some definitions. If a random variable ( has a finite pth 
absolute moment, p > 1, then we have the expansions 

3=0 J ' 

and 

logE{e^} = X^(^ + o(n ^0, (2.6) 

3=0 J ' 
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where " log " denotes the principal branch of logarithm. The coefficients in the expansion of 
E{e rf< >} are the moments {fij} of (, and the coefficients in the expansion of logE{e 4 *^} are 
the cumulants {kj} of (. For small j one easily expresses Kj via /jli, fi2, ■ ■ ■ , ^j- In particular, 
if yLii = 0, then 

«i = 0, n 2 = fJ, 2 = Var{C}, K 3 = fj, 3 , k 4 = fi A - 3/x|, ... (2.7) 
We have [2U El]: 

Proposition 2.2 (i) Let ( be a random variable such that E{|£| p+2 } < oo for a certain 
non-negative integer p. Then for any function $ : R — > C o/ £/ie c/ass C p+1 with bounded 
partial derivatives Z = 1, 1, we /iai>e 

E{C$(C)} = £ ^rE{$«( C )} + ep , (2.8) 
z=o 

where 

\e p \ < C p E{\C\ p+2 }sup\^ +1 \t)\, C p < 1 + (3 + y +2 . (2.9) 
teK (p + 1 ) ! 

(n,) If the characteristic function ~E{e lt ^} is entire, and $ G C 00 , i/jen 

oo 

E{c$(0} = E ! ir E { $(0 (0} (2.io) 

provided that for some a > 

|E{$«(C)}|<a', (2.11) 

and /or some i? = ca, c > 1, 



00 I I r>Z 

Here is a simple "interpolation" corollary showing the mechanism of proximity of expecta- 
tions with respect to the probability law of an arbitrary random variable and the Gaussian 
random variable with the same first and second moments. Its multivariate version will be 
often used below. 

Corollary 2.3 Let £ be the Gaussian random variable, whose first and second moments 
coincide with those of given random variable (. Then: 
(i) We have under conditions of Proposition POI (i): 

E C {$(C)} - E f {$(C)} =E^f f V{$ il+1) (as))}s (l - 1)/2 ds + s' p , (2.13) 

1=2 ' ^° 

where the symbols E^{...} and E^{...} denote the expectation with respect to the probability 
law of C, and (, {Kj} are the cumulants of E{...} denotes the expectation with respect to 
the product of probability laws of ( and (, 

C(s ) = s i/2 C + (l_ s )i/2f ; 0<s<l, (2.14) 

|<|<C p E{|Cr 2 }sup|$ (p+2) (t)|, (2.15) 
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and C p satisfies A2.9\) . 

(ii) We have under conditions of Proposition [Ol (ii): 



E ? {$(C)} - E f {$(C)} = E / V{& l+1 \as))W l - 1)/2 ds (2.16) 

1=2 ' ^° 

with ((s) given above. 

The next proposition presents simple facts of linear algebra 
Proposition 2.4 Let M and M' be nxn matrices, and tel. Then we have the following: 
(i) the Duhamel formula 

e (M+M')t = e Mt + f* e M(t-s) M , e (M+M>)s d ^ ^ ^ 







(ii) if for a real symmetric nxn matrix we put 

U(t) = UW(t) := e itM(n \ t G R, (2.18) 
then U(t) is a symmetric unitary matrix satisfying 

n 

uihMh) = u(t 1 + t 2 ), \\u(t)\\ = i, J2 \ u ^\ 2 = x ' ( 2 - 19 ) 

3=1 

(Hi) if Di m = d/dMi m , then 

DlrnUab{t) = ifilrn (U al * U bm + U bl * U am ) (t), (2.20) 

where 

fl ra = (l + U" 1 = l-U2, (2.21) 
the symbol "* " is defined in Proposition ^.^ (ii), and 

\D? m U ab (t)\<c' p \t\*>, 4 = 2P/p\, (2.22) 

(iv) if is an n x n matrix and £^(t) = Tr A^U(t), then 

D lrn (A {n) U) ab (t) = lm {(A^U) al * U bm + U bl * (A^U) am ) (t), (2.23) 
DUn(t) = 0UU * CV>U) lm (t), = AM + A^ T , (2.24) 

DLin (*) = -PL{Uu * (u * C^U) mrn + U mrn * (U * cv>u)n 

+ 2U lm *(U*C {n) U) lm )(t), (2.25) 
D lm (U * A^U) jk (t) = ifii m (U jt * (U * A^U) mk + U jm * (U * A™U) lk (2.26) 

+ Ui k * (U * A^U) jk + U mk * (U * A^U) fl ) (t), 
D lm {U * A^U) lm (t) = iPim(U n * (U * A^U) mm + U mm * (U * A^U) U 

+ 2U lm *(U*A^U) lm )(t). (2.27) 
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It follows from the above that if satisfy QH2J) - £L3]), and 

C A : Tr A^ T A^ < C A n, G N, (2.28) 



then 



\(AWU<ri) lm \ < (A^ T A^)l /2 < 0(n 1/2 ), (2.29) 
| ([/(«) A^U^) lm \ < (Tr A^ T A^) 1 ' 2 < C A n l '\ (2.30) 

n 

\{U {n) A {n) U {n) ) lm \ 2 = Tr A (n)T A (n) = 0(n), (2.31) 

/,m=l 
n 



m=l 



and 



< (nTr A'^Af"') 1 / 2 = O(n), (2.33) 

I^Ltf (*)l < ™ 1/2 c P |*r, c p = CU2^Vp«, (2-34) 



as n — > oo. 



At last we need the generalized Fourier transform, in fact the 7r/2 rotated Laplace transform 
(see e.g. |S], Sections 1.8-9 for its definition). 

Proposition 2.5 Let f : IR + — > C be a locally Lipshitzian and such that for some 5 > 

supe _5 *|/(t)| < oo, (2.35) 
t>o 

and let f : {z G C : Qz < —5} — > C be its generalized Fourier transform 

POO 

f(z) = I' 1 / e- izt f(t)dt. (2.36) 
Jo 

The inversion formula is given by 



i 



f(t) = i~ I e* zt f(z)dz, t > 0, (2.37) 
2tt J l 



where L = (— oo — is, oo — is), e > 5, and the principal value of the integral at infinity is 
used. 

Denote for the moment the correspondence between functions and their generalized Fourier 
transforms as f -H- / '. Then we have: 

(i) Hf{r)dr {izY'fiz)- 

(it) Jifi(t-T)h(r)dr:= (fx * / 2 )(t) o *7i(*)7a(*); 
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(Hi) if P, Q, and R are differentiable, and R(0) = 0, then the equation 

P(t) + / dh [ 1 Q(h - t 2 )P(t 2 )dt 2 = R(t), t > 0, (2.38) 
Jo Jo 

has a unique differentiable solution 

P(t) = -[ T(t - h)R '(tjdh, (2.39) 
Jo 

where 

T^iz + QY 1 (2.40) 

provided by 

z + Q{z) ^ 0, Sz < 0. (2.41) 

Applying the generalized Fourier transform we prove the lemma, which will be often used in 
what follows: 



Lemma 2.6 Consider 

r2w 



v(t) = / e ux Psc {\)d\ (2.42) 

J-2w 

where p sc is the density of the semicircle law 

p sc (\) = (27m; 2 )- 1 ((4^ 2 - X 2 ) 1 ' 2 !^^) 1 ' 2 . (2.43) 
Then unique differentiable solutions of integral equations 

F^+w 2 [ dh [ v(h - t 2 )F 1 (t 2 )dt 2 = 1, (2.44) 
Jo Jo 

F 2 {t u t 2 ) +w 2 [ dt 3 f Z v(t 3 - U)F 2 {t 4 , t 2 )dt 4 
Jo Jo 

= -w 2 dt 3 v(t 2 -U)v(t 3 + U)dt 4 , (2.45) 
Jo Jo 

F 3 (h,t 2 ) + 2w 2 [ dt 3 I ' v(t 3 - t 4 )F 3 (t 4 , t 2 )dU 
Jo Jo 

= -2wH 2 v(t 2 + t 3 )dt 3 , (2.46) 



are given by 

F 1 (t) = v(t), (2.47) 
F 2 (h, t 2 ) = v(h + t 2 ) - v(h)v(t 2 ), (2.48) 

Fit n- 1 r r Ae(ti)Ae(t2) 4£-a^ 

where we denote 

Ae(t) = e ltX2 -e itXl . (2.50) 
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Proof. Note first that in fact the generalized Fourier transform v of v is the Stiltjes transform 
of the semicircle law density (12.43)) : 

Jm a — z 

so that 

w 2 v(z) 2 + zv(z) + 1 = 0, (2.51) 
v(z) = (2w 2 y\Vz 2 - Aw 2 - z), 



where \/ z 2 — 4w 2 is defined by the asymptotic \/ z 2 — Aw 2 = z + 0(z 1 ), z — > oo. Denote 
Fi(z), Fj(z,t 2 ), j = 2, 3 the generalized Fourier transforms of Fj, j = 1,2,3. We have for 
Ff. 

F^z^l + w 2 v{z)z' 1 ) = z' 1 , 

hence, F x (z) = v(z) (see (I55T]I ). and we get (|2~47D . We also have for F 2 by (|2T39|) with 
T = —v and R'(t) = -w 2 f* 2 v(t 2 - U)v(t + U)dU: 

F 2 (t u t 2 ) = -w 2 / v(tt - t 3 )dt 3 / v(t 2 - t 4 )v(t 3 + U)dt A 
Jo Jo 

and after some calculations one can get 

i p2w p2w 

F 2 (t u t 2 ) = - / Ae(ti)Ae(t 2 )p sc (Ai)p sc (A 2 )c/Aic/A 2 

= u(tl+* 2 )-u(<lMt2), 

where Ae is defined in ()2.50p . Consider now equation ( I2.46p . In this case we have for Q of 

Z + Q( Z ) = y/ Z 2 - 4 W 2 ^ 0, %Z < 0, 

so that condition (|2~4T|) is fulfilled. This yields for T of (12730]) 

1 /" e izi ^ 1 f 2w e lXt d\ 

T (t) = -7T- / , n A = — / n o ,o ( 2 - 52 ) 



2m 7i _ 4 W 2 vr J ^ 4u7 2 _ A 2 

(we replaced the integral over L by the integral over the edges of the cut [— 2w,2w]). This 
and (l^39|) lead to 

m,t 3 ) = ^ e^^ Aw 2 - X 2 dX 2 / ,/ 2 6 -dA, 

27T 2 J_ 2w V /_ 2w) ^4^,2 _ ^2^ 2 _ ^) 

' dAx / l(e'^'- e 'fe^) ^ A2 rfA 2 , 



71-2 7-2i« a/4w 2 - A? J-2w d ^2 Ax - A 2 

where we used 

n2w d\ 1 

, = 0, A 2 < 2w. 

-2 W ^Aw 2 - X 2 {X 2 - Ax) " 

Integrating by parts with respect to A 2 , and writing then the half-sum of the obtained 

expression and the expression with interchanged variables Ai < — > A 2 , we get ( 12.49)) . ■ 
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3 The GOE case 

Denote by 

F\io](t) = 

the standard Fourier transform of (p. Writing the Fourier inversion formula 



F[(p](t) = — I e- ttx <p(\)d\ (3.1) 



(p(\) = J e iXt F[if]{t)dt (3.2) 
and using the spectral theorem for symmetric matrices, we obtain 

€?M = / g(t)F[<p](t)dt, (3.3) 

where (t) is a particular case of corresponding to (p(X) = e ttx : 

tf(t) = TrA^U(t), (3.4) 
U(t) = U ( - n \t) :=e itM<n) 

(see also flgjgp ). Denote 

^n(t)=n- 1 ^(t)=n- 1 Tr[/(t). (3.5) 
Since for any bounded continuous 



^(A)p sc (A)dA, 

-2io 



where M*™) is Wigner matrix and p sc is the density of the semicircle law (12.431) (see e.g. [32] 
and references therein), then we have 

lim E{v n (t)} = v(t), (3.6) 

71— >00 

where v is defined in (I2.42p . 

In this chapter we consider ^[(p] corresponding to the GOE matrix = M^ n \ In 

view of the orthogonal invariance of GOE probability measure we have 

E{U jk (t)} = 5 jk E{v n (t)}, (3.7) 

so that 
and 

\imn- 1 B{^(t)} = T A -v(t), (3.8) 

n— >oo 

where T4 is defined in (11.31) . We also have: 

Lemma 3.1 Let be the GOE matrix / TP) . Denote 

eM=€?M-E{£>]}. (3.9) 
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Then for any test-function (p : R — > C, whose Fourier transform Ii3.1\) satisfies the condition 

f(l + \t\)\F[<p](t)\dt<oo, (3.10) 



we have the bound 



Var{£>]} : = EfltfM 2 } <c(J(l + |t|)|FM(t)|dt) 2 . (3.11) 
Proof. It follows from Poincare inequality ( 12. 5 p and ( I2.24p that 

Var{£ n A (t)} < - &{\D lm ^(t)\ 2 } 



n 

Kl<m<n 



< — E E{\(U * A^U) lm (t)\ 2 } = *^Tr AAW, 
n *— ' n 

Z,m=l 

so that 

Var{^(t)} < 2CW|t| 2 , (3.12) 
where Ca is defined in (I2.28p . By (13. 3p and the Schwarz inequality 

Var{^]} < (/ Var 1 /^^)}^^]^))^ 2 . (3.13) 

This, (IOn]l . and ( 13TT2D yield (Ojl . ■ 

In this chapter we find limiting covariance for ^[<p] and prove that £„[<p] in GOE case 
satisfies CLT. We have two theorems: 

Theorem 3.2 Let Af< n > be the GOE matrix ( HO)) , and 

(p%,2 '■ R — ► R ^ e tes£ functions satis- 
fying /I3.10i) . Denote 

Cov{^b a ],^b 2 ]} = E{e^i]^b 2 ]}. 

T/ien we /lave 

<W[</?l,</> 2 ] : = lim Covititoltffa]} 

T 2 ,2«> ,2«, Av?i A( ^ 2 4 ^2 _ 



2w J -2w 

AX AX ^Aw 2 - X\^jAw 2 - A 2 

2w r2w 



/AW rzw 

/ Ai Pl Aip 2 p sc (X 1 )p sc (X 2 )dX 1 dX 2 , (3.14) 
-2w J-2w 

where Ta is defined in ( fi.ffj) . 

Aip = ip(Xi) - <p(X 2 ), AA = Ai-A 2 , (3.15) 
and p sc is £/ie density of the semicircle law fi2.43{ ). 



10 



Theorem 3.3 Let be the GOE matrix / TO) , and <p : R ->■ R satisfies Blffl . Then the 

random variable £^°[<£>] converges in distribution to the Gaussian random variable with zero 
mean and the variance given by 

T\_ r 2w f 2w /Ay\2 4w 2 -AiA 2 



/2w p2w 

/ (A^) 2 Psc (A 1 )p sc (A 2 )dA 1 dA 2 . (3.16) 
■2w J-2w 

Remark 3.4 Note that VcoeM can De written in the form 

VgoeM = n ■ V&M + (T A{A+AT) /2 - T\) ■ V& E [<p], (3.17) 

where 

v&m - ± r r mr , r.:^. ^ ™ 



271-2 J-2w J-2w v AAV y/4w 2 - Xj^Aw 2 - X 
and 

/2ui /"2iu 
/ (A<p) 2 Pae {\ 1 )p ae (\ 2 )d\ 1 d\ 2 (3.19) 
-2w J-2w 

are the limiting variances corresponding to the linear eigenvalue statistics (jl.4p and matrix 
elements (jl.5p . respectively (compare with the results of |2l] and [25|). 

Besides, we have for limiting variance Vq^^ [(p\, corresponding to the bilinear form (II. 7\i : 

/2w r2w 
/ (A^^CAOp^AaJdAidAa. (3.20) 
•2t« J-2w 

Proof. Theorem 13.21 Since Cov{£^[<^i], £^[<^ 2 ]} is linear in (pip, it suffices to consider 
real valued (pip- Writing the Fourier inversion formula (13. 2p and using the linearity of 
Cov{£^[</?i], Cnt^]} m (Pip and the spectral theorem for symmetric matrices, we obtain 

Cav{gM,tiM} = / yCov^!),^^)}^^!]^)^^]^)*!^ (3.21) 

with °f (13 -4p . Similar to (I3.12p with the help of Poincare inequality (12.51) it can be 

shown that 

Var{£f (t)} < ct 2 , 

where = iTiA^ Me ltlM . This, (I3.12p . and the Schwarz inequality imply the bounds 

\Cov{^{h),^{h)}\ < c\ti\\t 2 \, (3.22) 
\d Cov{^(ti),Cn(*2)}/^| < cental, i = 1,2. (3.23) 

Hence, in view of (I3.10P the integrand in (I3.2ip admits an integrable and n-independent upper 
bound, and by dominated convergence theorem it suffices to prove the pointwise in t 12 con- 
vergence of Cov{£^(ii), £^(t 2 )} to a certain limit as n — >■ oo, implying (I3.14p . It also follows 
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from (I3.22p - ( I3.23P that there exists a convergent subsequence {Cov{£^ (£1), £^ (i 2 )}}£li- 
We will show that every such a subsequence has the same limit leading through (I3.2ip to 
(JSH. 

We can confine ourselves to ti j2 > 0, because Cov{£„ (— ti), (ta)} = Cov{£^(ti), £^(t 2 )}- 

Consider 

cov{e^(ii),e^(i 2 )} = m£(ti)C(t2)h (3.24) 

putting in appropriate moment 

A (n) = B (n)_ Here ££B( ti } corresp ond to A^ n \ satisfying 
fll.2p - ( II. 3p (see ( I3.4p ). By using Duhamel formula (I2.17P we can write 

Cov{^( tl ),^(t 2 )} = E{TrA^U( tl )^°(t 2 )} 

n 

E{M lm {A {n) U) lm {h)C°(t2)}dh. 

l,m=l 

Applying differentiation formula (12. 4p with (12.21) written in the form 

E{(^ ) ) 2 } = ^A~ m 1 (3-25) 
(see QCTD ), and then (|2T2^|) - (I2^j) . we obtain: 



Cov{^(ti),en(*2)} = iw 2 ^^D lm [(A^U) lm (t3)^ (t 2 )}}dt 3 (3.26) 

J ° n i,m=l 

= -— [ H dt 3 r 3 E{[^(t3-t4)^(t4)+e(t3)]e(t 2 )}^4 

n Jo Jo 

/ 1 dt 3 [' E{TzA^U{t 3 + U){B^ + B^ T )U{t 2 - U)}dt A . 
Jo Jo 



w 
n 



Putting 

v n = v° + v n , v n = E{v n }, (3.27) 

ef = ef°+£, ?n = E{e n A }, (3.2s) 

we get from ( I3.26P 

Cov{e(t 1 ),^(t 2 )} = -^ 2 [ 3 v n (t3-U)E{^(U)C(t2)}dh (3.29) 

Jo Jo 

-— / *8 / C(t3-t4)E{^(t4)^°(t2)}^4 

n Jo Jo 

- — / 1 dt 3 ^ E{TrA^U{t 3 + t 4 )(5 (n) + B^ T )U{t 2 - t A )}dt A 
n Jo Jo 



where 



r n (ti,h) = -w 2 /^{[K^^^^+^^fe)]^ ^}^. (3.30) 
Jo 

With the help of Poincare inequality (12. 5|) it can be shown that 

Var{<Cf°}=0(n- 2 ), rwoc, 
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which together with f 1 3 . 1 2 j) yield 

r n (ti,t 2 ) =0(n- 1 ), n^oo. (3.31) 
Consider convergent subsequence {Cov{£^.(£i), £jf.(£2)}}£Li anc ^ denote 

C A ' B (t 1} t 2 ):= lim Cov{^(ti),^(t 2 )}. 
It follows from (EES)) . fl3T5|) . and (jg^Sj) - (13T3T]) that C^'^, t 2 ) satisfies the equation 

C^ fl (t 1 ,t 2 )+«; 2 f\v*C A > B {;t 2 )){t 3 )dt 3 (3.32) 
>/ o 

= -W 2 T A [\v*C I ' B (;t 2 ))(t 3 )dt 3 

Jo 

-w 2 I dt 3 I 2 lim BinfTiA^Uih + t^iB^ + B^ n)T )U(t 2 -U)}dU. 
Jo Jo n ^°° 

In particular, putting in (13.321) = I we get 

C / ' B (t 1 ,t 2 ) + 2w 2 f\v*C I > B (-M))(t 3 )dt 3 = -2w 2 T B t 2 I' v{t 2 + t 3 )dt 3 , (3.33) 
Jo Jo 

so that by fl23g) 

C^t 2 ) = f r Mtr )Ae(t 2 ) 4^-ArA. 

Now let us calculate the second term in the r.h.s. of (l3T32|) . Consider E{n- 1 TrA( n )[/(t 1 )C'( n )f/(t 2 )}. 
We have by (I3T71) 

V{n- lr T*A^U{t x )C^U{t 2 )} = T AC v n {ti)v n {h) + F n {t u t 2 ), (3.35) 
where v n is defined in (I3.27P and 

n 

F n (t!,t 2 ) = n- 1 ^{(UC^Uh^A^ih)}. 

3,1=1 

Repeating steps leading from (I3.24p to f!3.32j) and using consequently Duhamel formula (I2.17P 
and the differentiation formulas H2.4[) and (I2.23P - (I2.24p . one can easily get 

,2 



Fnih^+w 2 (v n *F n (-,t 2 ))(t 3 )dt 3 (3.36) 
Jo 

= -w 2 f 1 dt 3 [ 2 n^ltih + U) ■ n- l f n {t 2 - t A )dU + r^tuh), 
Jo Jo 

withf^ of ( jS^HD , and 

r^tuh) = -w 2 j 1 rft 3 E{ [« * F n (-, t 2 ))(t 3 ) + hn^F^tz, t 2 ) 

+ n" 2 jf*" TrA^f/^ + U)C^U(t 2 - U) + ^°(t 3 + U)£°(t 2 - t 4 ))du] }. 
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It follows from <KTZ§ that 

rn(h,t 2 ) = 0(n _1 ), n ->■ oo. 
This, flU}, (HBJ, and flOS]) . yield for F = lim n F n . : 

F(t!,t 2 )+ W 2 / (v*F(;t 2 ))(t 3 )dt 3 

Jo 

fi 2 



= -w 2 T A T c / dt 3 / v(t 3 + t 4 )?;(t 2 - t 4 )dt 4 . (3.37) 
Jo Jo 

Hence, F{t l ,t 2 ) = T A T c F 1 (t 1 ,t 2 ) with Fi of flCTj) . This, ( 13T35|) . and (EU) yield 

£ 2 ) = -w 2 T A T c [ dh [ v{h - t 3 )v(t 3 + U)v(t 2 - U)dU 
Jo Jo 

rp rp p2w p2w 

= / / Ae(t 1 )Ae{t 2 )p sc {X 1 )p sc (X 2 )dX 1 dX 2 

^ J-2wJ-2w 

= T A T c {v{t l +t 2 )-v{t l )v{t 2 )), 
where Ae is defined in (I2T501) . This, (12^21) . and ( 13351) leads to 

lim ^{n- l TvA^U{h)C^U{t 2 )} = T^v^ + t 2 ) + (T AC - r A Tc)u(tiMt 2 ). (3.38) 

rij— >oo 

Putting (I3T3D and (13~38|) with = B^+B^ T in (l3~32|) we obtain the equation for C A > B 



C^^tJ+W 2 / (v*C A >»(;t 2 ))(t 3 )dt 3 

Jo 



—w 



T A (v * C^(-, t 2 ))(t 3 ) + 2T A T B t 2 v(t 3 + t 2 ) 



t-2 



(Ta(b+bt) - 2T A T B ) / w(t 3 + t 4 M^2 - £4)^4 
./o 



solving which with the help of Lemma 12.61 we finally get 

"2w r2w a „/ j. \ A „U \ A„.,2 



C A ' B (t u t 2 ) 



2tt 2 



Aw 2 - AiA 2 



d\id\ 2 



-2w J -2w 



(Ai-A 2 ) 2 y/4w 2 - X 2 ^4w 2 - Xi 

/2w p2w 
/ Ae(t 1 )Ae(t 2 )p sc (A 1 )p sc (A 2 )rfA 1 rfA 2 . 
-2w J-2w 

Putting this expression with A (n) = 5 (n) in (13T2T|) we obtain ( BHD and 

so prove the theorem. 



Proof. Theorem 13.31 The detailed proofs of CLTs for linear eigenvalue statistics (1 1.4ft and 
for matrix elements (11.51) are given in [23, 24J and j25], respectively. The proof of Theorem 
]3] follows the same scheme, so here we only outline its main steps. 

By the continuity theorem for characteristic functions it suffices to show that if 



Z A (x) 



E{ e ^°H}, 
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(3.39) 



then for any 16K 

lim Z A {x) = Z A (x), (3.40) 

n— too 

where 

Z A {x) = exp { - a?V GOE [<p]/2}. (3.41) 
We obtain (I3.4ip . hence the theorem, for a class of test functions satisfying condition 

J {I + \t\ 2 )\F[ip\(t)\dt < oo. (3.42) 

(cf (I3.10p ). then the theorem can be extended to the class of functions satisfying (I3.10P by 
using a standard approximation procedure. 

Since Z A (0) = 1 and Z A (x) is continuous, we can write the relation 

Z A (x) = 1 + f Z A '(y)dy, xeR, (3.43) 
Jo 

showing that it suffices to prove that the sequence {Z A '} is uniformly bounded on any finite 
interval and that for any converging subsequences {Z A }i>i and {Z A '}i>i there exists Z A (x), 
such that 

Mm Z A (x) = Z A (x), (3.44) 

i— too 

and 

lim Z A \x) = -xV GOE [<p}Z A (x). (3.45) 
Indeed, if yes, then Z A [x) is a continuous function satisfying equation 

Z a {x) = 1-V GO e[<p) [ X yZ A (y)dy, x e R, (3.46) 

Jo 

which is uniquely soluble in the class of bounded continuous functions, and its solution is 
evidently f[3ldj) . 
We denote 

e n (x) = e X p{ixtf°[<p]}, (3.47) 
and write according to ( 13. 2 j) and (I3.39j) 

Z^'(x) = zE{eMe^"° M } = • J F[<p){t)Yf(x,t)dt, (3.48) 

where 

Y A (x,t) = E{Z A (t)e° n (x)}, (3.49) 
and £ A (t) is defined in (13.41) . It follows from the Schwarz inequality and (13 . 12[) that 



\Y A (x,t)\ <c\t\. 

This and ( I3.42p yield that the sequence Z Al is uniformly bounded. Hence, there is a conver- 
gent subsequence Z A , and by the dominated convergence theorem to find its limit as n — > oo 
it suffices to find the pointwise limit of the corresponding subsequence Y A . It also can be 
shown with the help of Poincare inequality (12.51) and (I3.42p that sequences {dY A /dx} and 
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{dY A /dt} are uniformly bounded in (t,x) G K C n G N, for any bounded K, so that 
the sequence {y^ 4 } is equicontinuous on any finite set of R+, and contains convergent sub- 
sequences. Hence, for any converging subsequence {Z A } (see (I3.44p ) there is a converging 
subsequence {Y A } and continuous function Y A (which obviously depends on {Z A }) such 
that 

lim Y£ = Y A , lim Z A , = Z A . (3.50) 



We will show now that Y satisfies certain integral equation leading through ( I3.48P to (I3.46p . 
hence, to ( 13.411) . This will finish the proof of the theorem under condition (13.42j> . 

Applying consequently the Duhamel formula (12.171) and differentiation formula ( 12.41) with 
(137251) . we get 

/t n 
■ i,k=l 



J 

71 JO .■ r. 1 



j,k=l 

where D jk = d/dM jk . It follows from ([2724]) that 



D jk e n (x) = -f3 jk xe n (x) J (U * C {n) U) ]k (9)F[ v ](9)d9. (3.51) 
This, ([2723]) . ( 13727]) - (13728]) . and relation e n = e° + Z A yield 

Y n A ( X , t)=-W 2 [ [v n * Y A (X, .)+?„* ^ (x, •)] 

-m> 2 xZ;f(x) I dtt [ F[ip}(9)d9 [ n- 1 ^{TiA {n) U{9 -9 l )C {n) U{9 l +t l )}d9 l 
Jo J Jo 

+ r n (x,t), 

where 

r n (x,t) = - w 2 f E { [« * ^°)(ti) + tm- 1 ^(t 1 )]e°(x)} dtj 
./o 

-iw 2 x [ dh [ F[ip]{9)d9 [ n- 1 E{TTA^U(9-9 1 )C^U(9 1 +t 1 )e° n (x)}d9 1 . 
Jo J Jo 

With the help of Poincare inequality ( 12.51) it can be shown that 

Var {xr l TiA {n) U(9 - 9 1 )C {n) U{9 1 +t 1 )} < c{\9\ 2 + \9^ 2 + \t\ 2 )n~ 2 , 
which together with (13 . 121) and ( 13.421) yield 

r n (h,t 2 ) = 0{n~ l ), n->oo. (3.52) 
This and (13. 6p leads to equation with respect to Y A = lim n ._ >0O Y A : 



Y A (x,t)+w 2 (v*Y A (x,-))(t 1 )dt 1 (3.53) 
Jo 

= -w 2 T A [ (v*Y\x,-)){t 1 )dt l 
Jo 

l xZ A {x) [ dh [ F[ip\{9)d9 [ lim E{n' 1 TiA^U(9 - 9 1 )C {n) U(9 1 + t 1 )}d9 1 , 
Jo J Jo n ^°° 



iw 2 ' 
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where Y 1 is a solution of the equation 

Y I {x,t) + 2w 2 [ (v*Y I {x,-)){t 1 )dt 1 (3.54) 
Jo 

= -2iw 2 xZ A (x)T A dt x J F[ip\(p)6v{6 + t x )d0. 
Comparing pairs of equations ( 13 .321) - f l3.33f) and f l3.53f) - (13. 54ft one can see that 

Y A (x,t) = -%xZ A [x) J C A ' A (t,6)F[ip}(6)d6, 
where C A < A is given by (EZSJ) with A = B. This and (13^81) yield 

Z A '{x)=xZ A {x) J J C A ' A (t,9)F[cp](t)F{(p](9)dtd9 = xZ A {x)V GOE [p] 

(see (13. 21 j) . (I3.24p . and (I3.16P ). and so leads to (I3.46P and completes the proof of the theorem. 
■ 

4 Covariance for in the Wigner case 



We show first that if Af W is the Wi gner matrix with uniformly bounded eighth moments of 
its entries, and the test-function is essentially of class C 4 , then the variance of £ A [<p) is of 
the order 0(1) asn-} oo. We have 

Lemma 4.1 Let M^ n > = n~ l l 2 W^ be the real symmetric Wigner matrix \2. 1\) - $2.2]) . 
Assume that: 

(i) the third moments of its entries do not depend on j , k, and n: 

/^3 = E{(^ ( ; ) ) 3 }; (4.1) 

(ii) the eighth moments are uniformly bounded: 

w 8 := sup max E{(wt } ) 8 } < oo. (4.2) 

Then for any test-function (p : R — > C, whose Fourier transform 113.1]) satisfies the condition 

J(l + \t\) 4 \F{cp](t)\dt<oo, (4.3) 

we have the bound 

Var{C>]}: = E{|eM! 2 } 

<c(|(l + |t|) 4 |FM(t)|rft) 2 . (4.4) 

The proof of (jOJ) follows from fl3~T3l) . ( 1431) . and bound 

Var{£(t)} < c(l + |t|) 8 (4.5) 

(see dSZZH). 
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Theorem 4.2 Let M^> = n 1 ' 2 W^ be the real symmetric Wigner matrix \2.1\) - \2.2\) , 
whose third and fourth moments do not depend on j , k, and n: 



^3 = E{(^) 3 }, /i 4 = E{(W^) 4 } 



(")\4~| 



(4.6) 



and the eighth moments are uniformly bounded (see d4-2\ )). Let {A^}^ =1 satisfies U.2\) 
/ TO)) . C&> = + A^ T , and there exist 



(n)^T,(n) 
Im 



Kf = lim n-^ AfC, 

l,m=X 

n 

Kf = T A lim n-" 2 V C, (n) 

n— >oo ' ^ 



Im ' 



i,m=l 



n 

= lim n-^^ite 

n— >oo ' * \ 



) _ n ~l TV A^ 
mm " ■ rl 



m=l 



T/ien we /iai>e /or any y?i j2 : K — > K. satisfying lji4-3{ ): 

lim Cov{6f[y>i],6?[y> 2 ]} =C GO b[^i,H + C K3 [</?i, </? 2 ] + C«J^i,^ 2 ] 



where Cqoe^Pii V2] ^ s defined in \3.1$ , 

-2w p2w 



Hi 

W 6 



■2wJ-2w v v 



2^ 4 

4^ _ A 2 A2 



(^i(Ai)</? 2 (A 2 ) + ^i(A 2 )<£> 2 (Ai)) JJp ac (Aj)dAj, 



K4 



A^I J / ^(A)(^ 2 -A 2 ) Psc (A)dA 

7=1 ■'-2io 



+ — TT 



/x \ 2n; 2 -A 2 
2to V4wr - A 2 



k 3 = /i 3 , and 

is tae fourth cumulant of the off-diagonal entries (see ^2. 71) ). In particular, 
VwYf] ■= lim Var{£^]} = VgoMp] + C K3 [^, + C K4 [f, (p] 

n— >oo 

with VgqeM of (EUP. 



(4.7) 
(4.8) 
(4.9) 



(4.10) 



(4.11) 



(4.12) 



(4.13) 
(4.14) 



Remark 4.3 Note that for the limiting variances V$ [if] and V^[ip] of linear eigenvalue 
statistics (jl.4p and matrix elements (11.51) we get, respectively: 



AT 



K4 



2lT 2 W 6 



2u< 



2w 2 - A 2 



^ (A) /m T2 

2w \fAw z - A 2 



dX 



(4.15) 
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and 



2w 2 

V(\)(w 2 -\ 2 )p sc (\)d\ , (4.16) 

■2w 



where Vqq^^] and Vq OE [^p] are denned in (I3.18P - (I3.19p . This coincides with the results of 
[24] and (26]. 

Remark 4.4 In case of bilinear forms (see (USD - ([T7D) T A = and coefficients K%\ 
j = 1, 2, 3 of (iTD - (TMD take form 

n n 

^ = 2 1im ^V^^E^) 3 ' 

n— s-oo ' *— ' 

m=l Z=l 

n 

K^ = 2T A (lim .-V^fl^O, 

n— s-oo ' 

771=1 

n 

i^ 3) = hm $>(^ 4 



m=l 



In particular, if 77^ = 0(n 1 ^ 2 ), n — > oo for all m = 1, n, then = 0, j = 1, 2, 3, and 
we get for the limiting variance: 



/2w r2w 
/ (A^) 2 p sc (Ai)p sc (A 2 )rfA^A 2 (4.17) 

(see ([ODD ). 

Remark 4.5 We choose here the Wigner matrix so that its first two moments matches the 
first two moments of the GOE matrix (see (12.21) ). This fact allows to use known properties 
of GOE and lies at the basis of interpolation procedure widely used in the proof of Lemma 
16.11 below. In fact this condition is pure technical one, and we can replace condition (12. 2p 
with more general one and consider Wigner matrix M = n~ x l 2 W ^ satisfying 

El^} = ° ; 1 < 3 < k < n, (4.18) 
E{(^ ( fc n) ) 2 } = w 2 , j ? k, E{(wjf) 2 } = w 2 w 2 , w 2 > 0. 

In this case there arise additional terms in (I4.10p and ( I4.14p proportional to w 2 - 2. In 
particular, we have for the corresponding limiting variance 

/ / f 2w \ 2 

Vg[<p\ = V w [p] + (w 2 - 2)w- 2 ( K Kf( J ^ tpMwnMdiM) (4.19) 



1 f 2w <pM» 



where Vp^[<£>] is given by (I4.14p . 
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Proof. We write as in the GOE case (see ( I3.2ip ): 

2 

Cov{£ n VUn = / / Covi^ih^^yflFlcp^dtj, (4.20) 

J J 3=1 

and note that in view of (14. 5p and ( 14. 3 p the integrand admits an integrable and n-independent 
upper bound. By dominated convergence theorem it suffices to prove the pointwise in t 12 
convergence of Cov{£„ (ti), Cn(^)} to a certain limit asn-^ 00, implying (I4.10p . To do this 
we use known result for the GOE matrix (see Theorem 13.21) and an interpolating procedure 
proposed in [2T| . 

Let M(") = n~ l l 2 W {n) be the GOE matrix (Q independent of M {n \ and 

U(t) = U {n \t) := e im "\ g*(t) = TiA {n) U{t). (4.21) 

Consider the "interpolating" random matrix 

M {n \s) = s 1/2 M {n) + (1 - s) 1/2 M (n) , 0<s<l, (4.22) 

viewed as defined on the product of the probability spaces of matrices and (cf 

( 13. 4p ). We denote again by E{. . . } the corresponding expectation in the product space. 
Since M^ n \l) = M (n) , M^(0) = MW, then putting 

U(t,s) = U {n) (t,s) :=e iiM(n) W, ^(t,s) = Tr A {n) U(t,s), (4.23) 

we can write 

C*(t u t 2 ) : = Covteffa), (k)} - Covtfjfa), (4.24) 
^ ^E{^(*i, *)$f°ft„ = cf (t 1; t 2 ) + cf (t 2 ,t!), 



where 

cf (ti,t 2 



/ lE {^ ( ^ (tl ' s)) '^° (t2 ' s) } dS (425) 
and 

<^ m = $im(ti,t2,s) = ([/*AWc/) w (ti,s)^°(t 2 ,s). (4.26) 
A simple algebra based on (I2.19P - ( I2.30p allows to obtain 

\Df m $ lm \ < C q (l + + \t 2 \Y +l n^ 2 , (4.27) 
with C q depending only on q G N. Besides, since 
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then every derivative with respect to gives the factor n 1 / 2 . Hence, applying differ- 

entiation formula ( 12. 8p with ( = Wf^ , p = 6, and $ = to every term of the first sum 
and differentiation formula (12. 4p to every term of the second sum in the r.h.s. of (I4.25p . we 
obtain (see also (I2.10p ): 



1 ^ S U-W^(n) +£6 
i=2 



ds, 



(4.28) 



where 



rp{n) _ _ 



1 n 

Yl K 3+iM^{DL^im}, J = 2, 6, 



l,m=l 



and by ([23]) and (l42Tj) 



(4.29) 



(,m=l 



(4.30) 



Now it follows from Lemma 14.61 below that 





s 1 / 2 lim (T 2 (n) (t 1? t 2 ) +T 2 (n) (t 2 ,t 1 ))^l TTF^]^)^ = C K3 [p u y 2 l (4.31) 

77,— i-no 



i=i 



s lim (T 3 (n) (t 1; t 2 ) + T 3 (n) (t 2 , t^ds] TT F[(fj) (tj)dtj = Cjpx, <p 2 ], (4.32) 

i=i 



and 



lim T| n) = 0, j = 4, 5, 6, 



(4.33) 



with C K3 [<p u <p 2 ], C K4 [ip u <p 2 ] of gH]) - (Q2j) . This leads through (021, and 0331 

to (I4.10P - (I4.12p and completes the proof. ■ 

Lemma 4.6 Under conditions of Theorem \4-2\ the statements jjj4-31\ ) - l[4-33\ ) are valid. 

Proof. Consider T 2 (n) of flCTj) and note that by flU} and (jHJ) ^3,Zm —1^3 — ^3, and we 
have 



if^i.f**) = ^ E E {A 2 m ((f/*^ (n) ^w(ti, S )e(t 2 , S ))} 



2n 3/2 



(4.34) 



Z,m=l 



^3 
2n 3/2 



l,m=l 



+ (U * A^U) ml (h, s)Df m ^(h, s)} =: K 3 [T 2 ( r } + T 2 ( ? + I%>] 
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Consider T 2 ( ™ } . It follows from (1X20]) and ( l2T26|) that Df m (U * A^U) m i of gives the 
terms of the form 



n 



T 2 \ (n) = n~ 3 / 2 ^ U lm U lm (UA^U) lm , (4.35) 

Z,m=l 
n 

= n^ 2 ]T U lm U u (UA^U) mm , (4.36) 

l,m=l 
n 

= n-*' 2 U u U mm (UA^U) lm , (4.37) 



Lm=l 



Here for shortness we omit the sign of conjugation " * " and arguments of U . Besides, we 
replace (3i m with 1, that in view of ()2.32p gives error terms of the order 0(n -1 / 2 ), n — > oo. 
It follows from the Schwarz inequality, (I2.19p . and ( I2.30P that 

T 2 \ (n) =0(n- 1 ' 2 ), n^oo, 

and from (gJSD , (gM) that 

I$ n) < n^ 2 \\U\\ ■ IK^n, ....E^fH • \\((UA^U) n ,...,(UA^U) nn ) T \\ 
= 0(n~ 1/2 ), n ->• oo. 

This and (JUS]) yield 

|E{(T 2 \ W + 7Sf B) )^}| < cn^/^varl^} 1 / 2 = O^), n _, ( 4 .38) 
We also have 

7g n) = 0(1), n -> oo. (4.39) 

Let us show that 

For this purpose consider 

n 

Rn = n^ 2 ViUuiUWrnrait^UA^Un }- 
l,m=l 

Putting here Ujj = E{Ujj} + j = Z,m, and using (16. 7|) we get 

=^(tiMt 2 K 3/2 £ E{(^W[/) im ^} (4.41) 

Z,m=l 
n 

+ v(t 1 )n-^ 2 E{U^ m (t 2 )(UA^U) lm ^°} 



l,m=l 

it 



+ n- 3 / 2 ^{K{t x )U mm {t 2 ){UA^U) lm ^} + o{l) 



n — > oo. 



Z,m=l 
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It follows from the Schwarz inequality, (16.71) and (16. 8p that the first term in the r.h.s. of 
( OTj) is of the order 0(r^ 1/2 ), n — > oo. We also have in view of (ll.2p and (I2.19P 



n 3/2 | U: nm (t 2 )(UA^U) lm Kn-'WUAUW-WiU^...^^ 

l,m=l 



n 

<n- 1/a (El^^)l 2 ) 1/2 - 



Hence, by the Schwarz inequality and (16. 7p 

n 

>-' A2 J2m° mm (h)(uA^u) lm c} 

< n- 1 ^ 2 ^ Var{f/ mm (t 2 )}) 1/2 Var{e} 1/2 = O^ 1 / 2 ), n ^ oo. 



n 

Z,m=l 



m=l 



Thus, the second and third terms in the r.h.s. of (14.411) are of the order 0(n 1 / 2 ), n — > oo, 
and we get (OOj) . Now fl438|) - (O0|) yield for T$ of 

= 0(n-^ 2 ), n -> oo. (4.42) 

Applying (I233|) - fl2T2TD to calculate T 2 ( 2 } and T 2 ( g } of fICTD we get terms of the form 

n 

n~ 3/2 U lm (UA^U) lm (UA^U) lm , 



l,m=l 



n^ 2 



U u (UA^U) mm (UA^U) lm , (4.43) 

l,m=l 



where as it follows from the Schwarz inequality and (I2.3ip - (I2.32p the first term is of the 
order 0(n~ 1 / 2 ), and the second is of the order 0(1), n — > oo. Hence, we are left with 

1 n 

+ 4 n) = E E M U » * ( U * ^ (n) ^)) mm (ti)(t/ * C^U) lm (t 2 ) (AAA) 

l,m=l 

+ ((U * CW[/)) im (t 1 )(C/ mm * ([/ * CW[/)„)(t 2 )/2} 
+ 0(n~ 1/2 ), n-^oo. 

Now it follows from ( Ol . ( Q2l) . (jOi|) . and (16U3|) that 

lim T 2 (n) (t 1; t 2 ) = k 3 lim (T 2 ( 2 n) +T 2 ( 3 n) )(t 1 ,t 2 ) = -« 3 [2T 2 (t u t 2 ) + T 2 (t 2 , t x )] , (4.45) 

n— >oo n— >oo 

where 

T 2 (h,t 2 ) = [(K$> - Kf){v * v * v)(h) + Kf{v * to)(tO] ■ (v * v)(t 2 ) (4.46) 
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with K { 2\ Kf of gZD - (USD and v of (|2^2|) . We also have 

/2ui 

e^upMdfi, (4.47) 

(„ * = w - 2 / e ^ 1 - — Pae (ji)dfi, (4.48) 



(v*v* v)(t) = w~ 4 / e u ^(w 2 - n 2 ) Psc (n)dn. (4.49) 



2w 



Putting (I4.47P - ( I4.49P in (I4.46p . then plugging the result in the l.h.s. of (I4.3ip we get after 
some calculations (14.31 p . 

Consider now T 3 (n) of flCTj) : 

1 n 

^ = ^ E ^ m E{A 3 m ((f/*^ (n) f/) m /(ti,^°(t 2 , S ))}, 

i,m=l 

where in view of (12. 7p and (I4.13P 

It follows from (I2.32p and (14. 5 p that in (I4.50p we can replace K^i m with K4, which gives error 
terms of the order 0(n~ 1 ^ 2 ), n — > 00, and write 

T 3 H = ^E E (^° ■ D ?m(U * + SDJ* ■ DlXU * A^U) ml 

l,m=l 

+ 3D 2 m Cn ■ D lm {U * A^U) ml + (U * A^U) ml ■ D? m tf}, 
^.^[T^+T^ + T^ + T^ + Oin- 1 / 2 ), n -+ 00. (4.50) 

Treating T 3 ( ™ } similar to T 2 ( ? of (Oij) (see ( OOP - (jQ2l ) one can get 

T$ = 0(n~ 1/2 ), rw 00. (4.51) 

Besides, it can be shown with the help of (I2.30p - (I2.32p and (14. 5 P that all terms containing 
off-diagonal entries Ui m or (UA^U)i m vanish in the limit n — > 00, hence, 

T 3 ( 2 n) +T 34 = 0(n- 1 / 2 ), 

and we are left with 

n 

T 3 W = -^ E V{{ U »*( U * Ain)U )rnm)(tl) 
l,m=l 

x (U a * (U * C^U) mm + U mm * (U * CV>U) a ) (t 2 )) } + 0(n^/ 2 ), 
as n — > 00. Now it follows from (16. lip that 

lim T 3 (n) = -2inAKf(v *v* v)(t x ){v *v* v){t 2 ) + 1T 2 A [v * tv^Mv * tv)(t 2 )]. 

This and (g3SD - flOS) yield after some calculations ( l4~32l . 

It remains to show (I4.33p . It is much simpler because in this case we have additional 
factors n~ x l 2 (see (I4.29P ). so that treating Tj, j = 4, 5, 6 similar to Tj, j = 2, 3 one can easily 
get ( I4.33p . This completes the proof of the lemma. ■ 
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5 Limiting probability law for 

Theorem 5.1 Consider the real symmetric Wigner random matrix of the form 

M (n) = n -V2^M W (n) = e Rj = ^ = {1 + 5jk y/*V jk }l k=1 , (5.1) 

where {Vjk}i<j<k<oo i.i.d. random variables such that 

E{V 11 } = 0, E{V 1 \}=w 2 , 

and functions hi~E{e ltVl1 } and E{e l *' y "'} are entire. 

Let {A^}™ =1 satisfies ^J$) - $n$), = A™ + A (n)T , and there exist 

n n 

A p = lim n-^( (c£?) P + (2^ 2 - 1) ^(^ f)/2, p>3. (5.2) 

l,m=l m=l 

Then for any if : R — > K ; whose Fourier transform Ii3. 1\) satisfies l[4.3\ ) ; the random variable 
^ [<y?] converges in distribution as n — >■ oo to the random variable £, A [<fi] such that 

lnE{e ^M } = _ x 2 Vw[(f y 2 + J2^(ix*y, (5.3) 

p=3 P - 

where 

x f 2w 

x* = — (p(p)pp sc (p)dp, (5.4) 

w J -2w 

p sc is the density of the semicircle law \2. 43\ ), and Vw[<p] is given by (f^. 1$ . 

Remark 5.2 It can be shown that in the case of matrix = n^^-^V^, the Theorem 

15.11 holds true with 

00 K A 



\nV{e^} = -V±[ V }x 2 /2 + Y.- r 
where V~[<£>] is given by (I4.19P with u> 2 = 1, and 



pi 

p=3 



n n 

A p = lim n-^( £ (Cfi?)> + (2(- 2 ^)/ 2 - 1) £(«/)/2. 



',,m=l m=l 



Remark 5.3 In the case of matrix elements (see (11. 5p ) A p = 2 p / 2 , and we obtain the result 
of |2S] (see Theorem 3.4). 

In the case of bilinear forms (see ( II. 6p - ( II. 7p ) we have for A p of (15. 2p : 



n 



A p =\im (($:(^ ) n 2 + (2( 2 -)/ 2 -l)^(^)^), P >3. 
1=1 1=1 

In particular, if 7]m^ = 0(n -1 / 2 ), n — > oo for all m = l,...,n, then A p = 0, p > 3, and 
the random variable (ip(M^)°r]^ n \ rj^ n ') converges in distribution to the Gaussian random 
variable with zero mean and the variance Vqq^ [<p] of f )3.20p . 
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Remark 5.4 It follows from Theorem 15. II that if tp is even, then the random variable £n° M 
converges in distribution to the Gaussian random variable with zero mean and the variance 
Vgoe[<p] + C Ki [ VjV ] (see QUI) HI). 

Proof. Note that in view of f)2.2ip and (15. lj) we can write 

W lm = (3^ /2 V lm . (5.5) 

Besides, since In E{e jrt/l1 } is entire then we have 

J2^E±11 <00j vx>0, (5.6) 
P =i P' 

where hip IS the pth cumulant of Vn. 
Consider the characteristic functions 

Z*(x) =E{e l '^™^°} (5.7) 

and 

Z£(x) = E\e ix &W°\, (5.8) 



where ^Vp] corresponds to the GOE matrix = n 1 / 2 H /( ^ ri - ) 02. 3p . In view of Theorem 
f )4.14p . and (15 .3| it suffices to prove that for any x G M 



°° K A 



lim In Z*(x)/Z*(x) = -(C K3 &, tp\ + C K4 [<P, V })x 2 /2 + £ ^{ix*y. (5.9) 



p=3 



Following the idea of the proof of Theorem 13.21 we introduce the "interpolating" random 
matrix M^(s) (see (@22D), put 



Z*(x,s) = E{e n (x,s)}, e n (x,s) = e lx ^ S ^\ (5.10) 
C A ' S M=Trvp(M(")(,))AW, 

& s (t) = TiU(t,s)A {n \ U(t,s) = e ltM{s \ (5.11) 



and write 



\nZ*(x)/Z*(x)= I ^lnZ£(x,s)ds (5.12) 



x f ds 



2 Jo Z n (x, s) 



/1 n 



i,m=l 

n 



1= ^ E{Wi m ^i m ^F[cp)(t)dt, 



where 



V^ 1 - S ) Lm=l 



Vim = % m (t, x, s) = (U* A (n) U) ml (t, s)e° n (x, s). (5.13) 
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(cf f)4.24p - (|4.26|) ). Let us note that unlike functions $/ m of (I4.26p . having all derivatives 
D p lm $ lm of the order 0(n 3 / 2 ) (see <KT!) ). here we have £>f m ^ m = 0(n( p+1 )/ 2 ), and there is 
no such finite peN that e p of ( 12. 8 p vanishes as n — > oo. Hence, instead of ( I2.8p . used while 
treating (I4.24p . here for every term of the first sum of the r.h.s. of ( 15 . 1 2 j) we apply infinite 
version of (12. 8p given by (I2.10p (see also (I2.16P ). To do this we check first that ^/i m (x,t) 
satisfies condition (12. lip . Assume that the Fourier transform (13.11) of ip satisfies 

J \F[<p\(t)\\t\ l dt<C v l\ VlGN, (5.14) 

where C v is an absolute constant. Using the Leibnitz rule we obtain 

0L*im(*A*) = E ( I ) D L q (U * A^U) ml (t,a)Df m e^x,a), (5.15) 

9=0 

where 

Df m e n (x,s) = ixDf- l (e n {x : s)D lm ^\), (5.16) 

(see ([5TTP]) ). so that 

q r 

D? m e n (x, s) = e n (x, s) E °*r U DfafrW 

q=(q u ...,q r ): 
q l + ... + q r = q 

and 

q,r 

Hence, 

\Df m e n (x,s)\ < (2(1 + 1*1))' max f[\Dt^}\, 

l<r<q, Et=l Qt=q ^ 

where 

DUn' S M = J mmUn' S (0)de (5.17) 

with of (ISTTTjl . and in view of ( E^ijl . (jZMD and ( Oljl 

lAUn ,S MI < / \mm\DUn' S (0)\de < C A C^\ (5.18) 

so that 

\D? m e n (x,s)\<(c^(l + \x\)) q . (5.19) 
Here and in what follows c depends only on A and ip. This, (I2.30p . and ( 15 . 1 5[) yield 

\D* m % m {x,t,s)\ < (cVn(l+ |x| +t)) p+1 , x6K, t > 0. (5.20) 

Thus, for every ar G E, t > satisfies fl2TL|) . Besides, for every x G E, t > fl2TT2|) 
follows from (15. 6p . Now applying differentiation formula (I2.10p with ( = Wj^ and $ = \l/; m 
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to every term of the first sum and differentiation formula fl2.4[) to every term of the second 
sum in the r.h.s. of (I5.12p and taking in account ( 15. 5p . we get (see also ( I2.1(jp ): 



hyZi(x)/z£(x) = - X -\ [ J2^- 1)/2 ^l 1 S^(x,t,s)F^](t)dt, (5.21) 

A JO Z n { X i S ) J V- 

where 

1 n 

Sf\x,t,s) = Yl ^^{DL^U^s)}. (5.22) 

i, 771=1 

It was shown in [26] that in the case of matrix elements f )1.5D the series in ( 15. 21ft converges 
uniformly in n G N, (t,x) G K for any compact set K C {{x,t) G M 2 : t > 0}. In general 
case the proof is almost the same with the obvious modifications. It is based on ( 15. 6p . the 
estimate 

A p < 2 p/2 , Vp G N, (5.23) 
following from ( 15. 2 p and ( II. 2p . and on uniform bound 

\S^(x,t,s)\<(C K ) 1 , V(t,x) EK, neN, se[0,l], (5-24) 

which can be obtained with the help of (I2.23P - f)2.34j) . Here Ck is an absolute constant 
depending only on K. In view of the uniform convergence of the series, to make the limiting 
transition as n — > oo in (15.21 p it suffices to find the limits 



S p = lim Si n) 

for every fixed pGN. We have 

=^ly- 2 E ^ +m v{(U * AU) lm Df m e° n + pD lm (U * AU) lm Df m V n (5.25) 



Lm=l 



+ ^j^DL(U * AU) lm D? m 2 e° n + (1 - 5 p2 ) P{P ^ 2) D? m (U * AU) lm D^e° n 



p— 4 

+ (1 - S p2 )(l - 5 p3 ) £ ( \ )D P lm \U * AWU) ml D? m e° n } 



q=0 

s$> + 4? + + (i - M p(p " 1 f ~ 2) sff + (i - V)d - 



It follows from ( l2~30l) - (l2~32l) and (l519|l that 



p5 

Since 



Sg) = O^- 1 / 2 ), n ->• oo. (5.26) 



D? m e n {x, s) = e n {x, s) {ixDUn^W + 0(n^ 2 ) (5.27) 
= e B (z I s)(-iA m / m(U*C^U) lm (0)d9) q + O(n^ 2 ), n -> oo, 
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then 



Z,m=l 



x ( - xft m I tp(9)(U * C^U) lm (9)d6) p \ n ) + 0{n- x '% p > 3, 



P 4 7l (P+l)/2 



and by - QZM S$ = 0{n~ l ' 2 ) : p > 3. If p = 3, then 



n 

5 £ = "a £ ^ 2 E{A 3 W (^*^ (n) ^)^(x, S )} : 



n 

i,m=l 



(compare with of ipD| ). and in addition to fl2T30|) - fEOTj) we use f[67TQ|) to show that 
= 0(n-V2). Thug; 

Sjgf = 0(n- 1/2 ), n -> oo, p > 3. (5.28) 



>4 

?(») 



Consider now Slg of (j5.25p : 

n 

4? = E A m (P+1)/2 E{^L(^*^ (n) ^)^^L 2 e:} 



n 1 - 

i,m=l 



,,.0*1)7* £ ^r 5)/2 E{A 2 m (^*^ {n) ^)/ m (-^ / ^(^)(t/*^t/) /m W^) p - 2 e n } 



+ 0(n 1/2 ), n oo, p > 2, 
where we used (15. 27ft . There arise sums of three types 



n 

sT = E At 1)/2 ^^(c/AWc/) Zm (c/cWc/)f- 2 , 



i,m=l 
n 



sS" } = E ^ ( r 1)/2 ^^(^wc/), m (^)c/)f- 2 , 

l,m=l 
n 

sT = -^m E ^t 1)/2 ^^(c/AWc/) mm (^)c/)f- 2 , 



Z,m=l 



where we omit arguments of [/ and put {UC {n ^U) q lm = H^Uit^C^Uit^))^. If p = 2, 

then treating Sg } similar to of (ETM|) (see (Oi| - (B32D ) we get S$ = 0(n-^ 2 ), 
n — > oo. In case p > 2 we use following from (I2.29P - (I2.32p asymptotic relations 



E \U lm \\(UA^U) lm \=0(n), (5.29) 

l,m=l 

n, 

E \(UA^U) lm \\(UA^U) lm \ = 0(n), (5.30) 

l,m=l 
n 

\(UA^U) mm \\(UA^U) lm \ = 0{nVn), (5.31) 

l,m=l 
ii 

\(UA^U) mm \\(UA^U) mm \ = 0(n), (5.32) 



771=1 
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as n — > oo. They together with (I2.30P allows to show that j = 1, 2, 3 are of the order 

0(n -1 / 2 ), n — > oo, so that 

S$ = 0{n- 1/2 ), n ^ oo. (5.33) 

Consider S$ of ( 15^5]) : 



S $ = E ^ P+1)/2 V{D lm (U * A^U) lm (t, s)D^e° n (x, s)} (5.34) 

l,m=l 
9 w 

E A m (p ~ 1)/2 E{ (l/ B * (£/ * AW[/) mm + * (U * AWeO^) (f , a) 

DV- 2 (e n (x,s)D lm & s m 



n (P+l)/2 

Z, 771=1 



X 

— O p2 T O p2 , 

where we used (I2.27P and (I5.16p . Since 

Df m (e n (x, s)D lm & s M) = Dl m e n {x, s) ■ D lm & s [<p] (5.35) 

+ qDf-'enix, s) ■ AUn'>] + 0(n^/ 2 ), n -> oo, 

where 

AmSf'*M = iAtn / (t/ * (n) CC/), m (0, s)F[^](0)tZ0, (5.36) 

AU^'M = -A 2 m y * (u * c (n) E/) mm + f/ mm * (u * c^cOa 

+ 2U lm * (U * C< n >t/), m ) (0, 8)F[<p](9)dB, 

then putting (15T35|) with q = p - 2 in sg" 5 of (EMD and applying fl5TT9|) . (15730]) . and fl5T32|) 

we get 

Sg n) = Oin- 1 / 2 ), n -> oo, (5.37) 

and 

=-2px y F^)^-^^ £ /3r m (P+1)/2 E{(%*(f/*AWf/) mm )(t, S ) 

i,m=l 

x [iPf- 2 e n ( a r, s ).i(?7*C7W?7), m (^s) 
- (p - 2) J Df- 3 e„(x, s) • (tf w * (U * C^U) mm + U mm * (U * C^U) U ) (6, s)] } 

+ 0(n~ 1/2 ), n -»■ oo. 

It follows from ( 15. 27ft and ( 15. 29ft - (15. 32ft that Sl^ does not vanish only if p = 2 or p = 3, 
so that putting e n (x, s) = Z£{x, s) + e° (x, s) and using ( 16. 101) and ( 16.1 2ft . we get 



S p 2 ^ ~ x Z n {%, s 



A 'X n 

[-^f E E{(C/^(^*#[7) mro )(^)([7*^[/) lTO (^)} 

i,m=l 

+ E E{(C/«*(i7*AWc/) mm )(i, S )(^*(C/*CWc/) TOm (5.38) 

+ U mm * (17 * C (n) *7)„) (6, s)}] F^}(9)d6 + 0(n^ 2 ), 



Lm=l 
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as n — > oo. Such expressions were considered while proving Theorem 14.21 (see Lemma [4.6[) . 
Treating Sp^\ p = 2, 3 in the same way and using (16. lip . (I6.13P and (I4.47P - (14. 49 p . we get 

lim -f f^—: [ \^S^\x,t,s) + ^S^\x,t,s)}FMt)dt (5.39) 
ra->oo 2 J Z£(x } s) J 12 6 J 

= - (Jc«3 [<PM + C Ki [<p, (p]j x 2 /2 
with C K3 [p,p], C K4 [tp,tp] of gjTj - (EJJ) (see also ([El, (O). 

? (n) 
'pi 



At last consider S$ of f l5T25|) : 



1 n 

4? = ^ E ^ P+1)/2 E{(f/ * AW^t, ^L<(*, *)} (5.40) 

l,m=l 
n 

= E A"j p+1)/2 E{(^*^) f /), m (t, s )DL 1 ( e „(a ; , s )A m e' s M)} 



n (P+l)/2 



i,m=l 



+ (P " l)^L 2 en(x, S) • AUn } + O^- 1 / 2 ) 

= ^ n) + 5 p t ) + 0(n- 1 / 2 ), rwoo, 

where we used (l5TT6|) . (I5T35|) . and then (F2T34j) . fl5TT9|) . and (l5T29|) - (l5T32|) to estimate the 
vanishing term. It follows from (15. 2 7ft and (I5.30P - (15. 32ft that if p > 2, then 

S 2 p [ n) = 0(n- 1/2 ), n oo, p > 2. (5.41) 

If p = 2, then 

S 2 [ n) = -tx y ^ E E{e Ii (x, S )([/*#»(/) im (M)(f/ii*(f/*^(/) mm 

i,m=l 

+ U mm * (C/ * C^U) u )(e, s)}F[<p)(6)d9 + O^- 1 / 2 ), 

and similar to ( 15.391) 



lim 

n— >oo 2 



I Z^sj J ^S 2 2 { n \x,t,s)F[ v }(t)dt = -(lc K3 &,v])x 2 /2. (5.42) 



Using (E2ZD with g = p - 1 and (15361) we get for 5 , p 1 j n) of (15301) : 



1 n 

$ B) =^1^ E A ( r 1)/2 E{(f/ * AWtOte.C*, *K(*, a) (5.43) 

i,m=l 



x ( - x J (p{B){U * C {n) U) mm {6)d6) p } + 0(n~ 1/2 ), n -> oo, 
where we estimate the vanishing term with the help of ( 15.301) and ( 15. 32ft . Putting here 

At 1)/2 = i + M2 (1 - p)/2 -i) 
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and e n (x, s) = Z^(x, s) + e° (x, s), and then applying first parts of (16. 14j) - (j6.15p . we get 

s T )= ^w E v{(u*A^u) lm (t,s)(-x J m(u*c^u) lm (e)d9) p } 

l,m=l 

V A ( \ n 

+ 2 ( 2(1 ^ )/2 - E ^ * A(n)U )mm(t, S) 

m=l 

x(-xj (p(9)(U * C {n) U) mm (6)d6) p } + 0(n- 1 ' 2 ), n^oo. 
This and second parts of (I6.14p - ( 16 . 1 5[) yield for p > 2 

hm -fte f / .(-^^J-V^^MW^ = (5.44) 

n^oo 2 p\ J Z£(x,S)J P (p+l)l 

with A p and x* defined in ([ED and (IQjl . Now putting (l5T39j) . (15T421) . and (15^441) in fl5TT2|) 
we get ( I5.44p and finish the proof of the theorem under condition (I5.44p . 

The case of ip G E = {ip : f(l + \t\) \ip(t)\dt < oo} can be obtained via a standard 
approximation procedure. Indeed, since the set D = {ip : f \(p (t)\\t\ l dt < C V H, Wl G N} is 
big enough (in particular, it contains functions e~ x2 P m (x), where P m (x) is a polynomial), 
then for any ip G E there exists a sequence {(fit} C -D, such that 

|¥>(A)-^ fc (A)|dA = 0. (5.45) 

-2w 

Denote for the moment the characteristic functions of [<p] and £, A [(p] as Z n [(p] and Z [97], to 
make explicit their dependence on (p. We have then for any tp G E 

\Z n [cp] - Z[cp)\ < \Z n [cp) - Z n [<p k ]\ + \Z n [ip k ] - Z[cp k ) \ + \Z[(p k ) - Z[cp}\ 

:=^ ) +TiJ+T^. (5.46) 

The second term of the r.h.s. vanishes after the limit n — > 00 in view of the above proof, 
since (p k G D. For the first term we have from (15. 8p and the Schwarz inequality that 

|T«| = |E{e**»°M - e »^]}| < |z| (nV a r{^[p k ]}) l/2 , ^ fc = <p - <p k , 
and then Theorem 14.21 implies that 

limsup|T«| < |x|(VWM) 1/2 . 

n— >oo 

Since Vw of (I4.14p is continuous with respect to the L 1 convergence, then in view of (I5.45P 
vanishes after the subsequent limits n — > 00, k — > 00. 
At last, we have by (15. 6p . (I5.23p . and the continuity of the r.h.s. of ( 15. 3 p with respect to 
the L 1 convergence, that the third term of (15.461) vanishes after the limit k — > 00. Thus, we 
proved Theorem under condition (14. 3p . ■ 
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6 Auxiliary results 

Lemma 6.1 Consider matrix A^ n \ satisfying M.2\) - lil.3\) , = + A^ T , and a 

unitary matrix 

u{t) = u { - n \t) = j tMin) , 

corresponding to the Wigner matrix of \2. 1\) - \2.2\) . Denote 

lP = Ufa), 

tw = (h,...,t p ), 

and define 

g(t) =Tr AMU(t), 

n 

V*(ti,h) = n^ 2 (U'A^U 2 )^, (6.1) 

l,m=l 
n 

v^hMM) = n~ l U^ m (U 2 A^U 3 ) mm , (6.2) 

m=l 

n 

v%(W) = n- 1 Y,(U l C^U 2 ) mm (U*A^U A ) mmi (6.3) 

m=l 
n 

Un (W) = n-" 2 U^U'A^U'UUU'C^U 5 )^, (6.4) 

l,m=l 

7 W(^)) = n-^' 2 (U'A^U^JfliU^C^U 2 ^, p>2, (6.5) 

l,m=l j=2 

7 f (^)) = n-^' 2 ^(^"^J^n^-Wt^)^, p > 2, (6.6) 

m=l j=2 

and put 

7=E{/}. 
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Then we have under conditions of Theorem \4-2\ 



fzjVar{^(t)}<c(l + |t|) 8 , 


lim £(t) = T A -v(t), 

n— Yoo 


(6.7) 


(tt)y a r{ n t(t 1 ,t a )} = 0(rr 1 ) 


lim ^(t^h) = K'} 2) -vitMh), 

n— yoo 


(6.8) 


(m)\ax{v 1 n {t 1 ,t 2 ,h)} = 0(n r ), 


hm v n (t 1 ,t 2 ,t 3 ) = T A ■ u(ii)u(i 2 + £3), 

n— >oo 


(6.9) 


(iv) Var{v°(W))} = Oin- 1 ), 




(6.10) 


lim vZ(tW) 


4 

= 2Kf Y[v{tj) + 2T 2 • + t 2 )u(t 3 + * 4 ), 

3=1 


(6.11) 


(v)Var{u n (W>))} = 0(n- 1 / 2 ), 




(6.12) 


lim cJ n (W)) = {Kf - Kf) 

n— >oo 


5 

Ylvitj) + K i A 2) v{t 1 )v{U)v{t 5 )v{t 2 + t 3 ), 

3=1 


(6.13) 



P+l 

(vi jVar{ 7 «(t(^))} = 0(n- 1/2 ), lim = M 4) TT^), (6-14) 

3=1 

P+l 

fwijVar{ 7 ( 2 )(t(^+^)} = 0(n- 1/2 ), lim ^\t^+^) = K { P Tlvfa), ( 6 - 15 ) 

3=1 

where 0(n°), n — > oo, can depend on , v is defined in {2.42\) , K A , j = 1, 2, 3 are defined 
in ( [^. 7| ) - \4-ty > an d 

K'V = lim £ 4J, (6.16) 

Z,m=l 

n 

^ = lim Yl < > (Cfc ) ) P » ( 6 - 17 ) 

i,m=l 
n 

Kf = lim n"^ 1 )/ 2 £ A%l(C%ly. (6.18) 



m=l 



Remark 6.2 All statements of the lemma remain valid under conditions of Theorem 15.11 

Proof. GOE case. Firstly we prove the lemma supposing that matrix belongs to the 
GOE. Statement (i) in GOE case was proved in Lemma [2.31 

(ii) We have by Poincare inequality (j2.5p 

2 n 

Var{^(t 1; t 2 )}<^ PiM\ D ^J2( UlA(n)u2 U 2 }- 

l<j'<fc<n l,m=l 

This and ( I2.26P show that it suffices to estimate 



n n 

■fl- ' ' U ) km | 



n 

j,k=l l,m=l 
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We have 

1 n n 

T " = ^ E E U^] v (U 3 A^ T m) mk (U 2 A^U% m 

j,k=l I, I' ,m,m'=l 

= ~3 E (^ (n)T ^ (n) ^ 3 W = ^| V^^U^^Tr^^O^ 1 ), 

m,m'=l m,p=l 

hence, 

Var{7^(ti, t 2 )} = Oin- 1 ), n^oo. 

Now applying Duhamel formula (" 12. 1 T[) and differentiation formulas (12 .4p . (I2.27p . and then 
estimating the error terms with the help of (13.121) . one can get 

n 

TlUhM) =n~ 3/2 V{{A^U{t 2 )) lm } (6.19) 

l,m=l 

-w 2 dt 3 v n {h-U)rii{hM)dU + o{l), n oo, 
Jo Jo 



where by ([321) and <!^1> 



lim n-*' 2 V E{(AW[/(t 2 )) Zm } = lim U n (t 2 K 3 / 2 V 4J = K<? ] v(t 2 ) 

i,m=l i,m=l 



'(2) 



with Kj± of (I6.16p . Thus, we have for r] A = lim^oo r\^\ 



V (h, h) + w 2 / rft 3 / v(t 3 - t 4 )r] A (t 4 , t 2 )dt 4 = K/'vfa), 
Jo Jo 

and by (jMZD 

^(t 1 ,t 2 ) = < (2) t;(t 1 )t;(t 2 ), (6.20) 

so (16. 8p is proved. 

(iii) Putting U mm = U° mm + U mm and using d377J) we get 

vlihMM) =v n {ti)l A n {t2 + h) + f ni r n = n-^iU^nu'A^U 3 )^. (6.21) 

m=l 

By the Schwarz inequality and ( 12.321) 

1/2 / \ 1/2 

uu 1 r 2 

I \ w mm ) 

m=l m=l 
n 



K\<(j2\(U 2 A^U 3 ) mm \ 2 ) (j2\(Umm)°\ 

m=l m=l 

= 0(n- 1 / 2 )(^l(^J°r) 1/2 . (6.22) 



m=l 
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It follows from fl3TT2|) that 

n 

e{^|(^J°| 2 }=0(1), n^oo. (6.23) 

m=l 

This, (16. 22 p . and the Schwarz inequality for expectations yield 

\r n \ = 0(n~ 1/2 ), n -> oo. (6.24) 
Now (1677]) . f lQTj) . and give 

lim tJ^(*i, t 2 , h) = T A ■ v (t 2 + £3)- 

n— >oo 

Besides, we have for = Var{t>^}: 

V n = Ejn- 1 U l mm {U 2 A^U 3 ) mm ■v I n °}= ^(^{n" 1 ^ + t 3 )^°} + E{r n ^ } 

m=l 

with r n of (IQTj) . It follows from the Schwarz inequality, fl3TT2|) and (l6T22|) - ( l£T24"j) . that 

V n < Oin- 1 / 2 ^/ 2 , n ^ oo. 

This proves (16. 9p . 

(iv) The proof of (I6.10P repeats with the obvious modifications that one of (I6.8p . Let 
us prove (16. lip . Applying Duhamel formula (I2.17p . differentiation formulas (12 .4p . (I2.23P - 
(I2.27p . and then estimating the error terms with the help of (I3.12p . one can get (cf (I3.36P 
and (KlM ) 



n 

-1 " 



£ E{(f/MWf/ 2 ) mm (f/ 3 CWf/ 4 ) mm } = n- 1 V{(A {n) U 2 ) mm (U 3 C^U 4 ) mm } (6.25) 

m=l m=l 

-u> 2 / dt 5 / Ej^^-teK 1 V(f/ 6 AWf/ 2 ) mm (f/ 3 CWf/ 4 ) mm }^ 6 
Jo Jo m=1 J 

- w 2 / rft 5 / Ejn" 1 ^^ + teK 1 V E/ mm (t 2 - t 6 )(t/ 3 C (n) f/ 4 ) mm }cft 6 
Jo Jo L 1 J 



+ o(l), n — > oo, 

and 



71 

n- 1 E{(A^U 2 ) mm (U 3 C^U 4 ) mm } = n' 1 £ A^ m E{(U 3 C^U 4 ) mm } (6.26) 

m=l m=l 

dt 5 / Ejv^s-^n- 1 V(^tf% m (tf 3 C^>[/ 4 ) mm W 6 

^0 L m=l J 

o(l), n — > oo, 



-w 2 
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and also 

n n 

n- X £ A^ m E{(U"C^) mm } = n" 1 £ A^ m E{(C^) mm } (6.27) 

m=l m=l 

f 3 dt 5 f 5 v{v n {t, - t^n- 1 Y, A^l(U 6 C^U 4 ) mm }dt 6 
; " J o 1 m =i J 

dt 5 / Ejn" 1 ^^ + U)n~ l A^JJmmiU - t 6 )}dt 6 

J v ^ 1 



w 2 



w 2 



m=l 



+ o(l), n — > oo, 



where by 03. 7p 



m=l m=l 

so that 

n n 

hm n- 1 A^ m E{(C^U') mm } = 2D A ■ v(Q, D A = lim n" 1 ) 2 . (6.28) 

m=l m=l 

Denote 

^(tW) = hm 

n— >oo 

G(t 2 ,t 3 ,u) = hm n- 1 VE{(A(")rj 2 ) mm (r7 3 cWr7 4 ) mm }, 

m=l 

n 

H{h,U) = lim n- 1 ^ A^ m E{(U 3 C^U 4 ) mm }. 

n. — ^rm ' * 



71— >OC 

m=l 



(More accuratly, it can be shown that there exist corresponding convergent subsequences. 
But all these subsequences have the same limits, which are unique solutions of the system 
of integral equations below. Hence, we can write limits of whole sequences.) It follows from 
( I6.25P - f)6.28p . (16. 7p and ( 16. 9 p that v c , G, and H satisfy the system of integral equations: 

v c (W))+w 2 [ dt 5 [ v(t 5 -t 6 )v c (t 6 ,t 2 ,t 3 ,U)dt 6 
Jo Jo 

= G(t 2 , t 3 , U) - 2w 2 T 2 A v(t 3 + U) / dt 5 / v(t 5 + t 6 )v(t 2 - t 6 )dt 6 , 

Jo Jo 

G(t 2 ,t 3 ,t 4 )+w 2 dt 5 v(tr -t 6 )G(t 6 ,t 3 ,ti)dt e = H(t 3 ,t 4 ), 
Jo Jo 

H(t 3 , U)+w 2 / 3 dt 5 I v{t 5 - t 6 )H(t 6 , U)dt 6 
Jo Jo 

= 2D A -v{t 4 ) -2w 2 T 2 A I dt 5 v(t 5 + U)v{t A - t 6 )dt 6 . 

Jo Jo 
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Solving the equations with the help of (I2.47P - (I2.48P we get 

H{t 3 ,U) = 2Kfv(tz)v(U) + 2T>(t 3 + U), 
G(t 2 ,t 3 ,tt) = v(t 2 )H(t 3 ,t A ), 

v c (W>) = v (h)G(t 2 , t 3 , U) + 2T 2 >(t 1 + t 2 ) - u(*iM* 2 )Mt 3 + U), 



so that 



(tW) = 2Kf\[v{t j ) + 2T 2 v{h + t 2 )v(t 3 + U), 

3=1 



and (16. lip is proved. 

(v) Similar to (lOTT) - ljE23]l we have 

w„(t® ) = v n (ti)r n (t 2 , * 3 , *4, *s) + f„, (6.29) 

where 

?! 

r„(t 2 , t 3 , U, t B ) = n~ 3 ' 2 (U 2 A^U 3 ) mm (U 4 C^U 5 ) lm , (6.30) 

Z,7Tl=l 

n 

r n {W) = n-^ 2 {U^°(U 2 A^U 3 ) mm (U A C^U 5 ) lm , 

l,m=l 

and by fl2~T9l) . the Schwarz inequality, fl2~32l) . and (16T231) 

\r n \ < n- 3 / 2 \\C^\\ (E{ f: I(^)°| 2 }) 1/2 (e{ £ |(C/ 2 ^C/ 3 ) mm | 2 }) V2 

Z=l m=l 

= 0(n~ 1/2 ), n->-oo. (6.31) 

Applying Duhamel formula (I2.17p . differentiation formulas (12. 4p . (I2.23P - ( I2.27p . and then 
estimating the error terms with the help of (13.121) . one can get for T n (cf ( 16. 25ft - ( 16. 27ft ): 

r n (^2, ^3; ^5) =B n (t 3 , £4, £5) 

"t2 pt& 



rt2 rt& 

-w 2 dt 6 E{v n (t 6 -t 7 )V n (t 7 ,t 3 ,t 4 ,t 5 )}dt 7 
Jo Jo 

-W 2 [ dte I 3 E{n- 1 ^(t 6 +* 7 )^n(*3-t7,*4,t5)}^7 

Jo Jo 



where 



+ o(l), n — > 00, 



B n (t 3 ,U,t 5 )=n- 3 / 2 Y (A^U% nm (U 2 C^U 



3\ 

Imi 



l,m=l 
n 



D n (r,U,t 5 )=n- 3 / 2 U mm (r)(U 2 C^U 3 ) ln! . 



mm V 

!,m=l 
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Similar to (I6.29p - ( I6.3ip it can be shown that 

D n (r, t 4 , t 5 ) = v n (T)r%(t 4} t 5 ) + 0(n~ 1/2 ), n ->■ oo, 
where rfc is defined in ( 16. ip . so that by (16.81) 

lim D n (r, * 4 , t 5 ) = 2K^ 2) v{T)v{U)v{h). (6.32) 

n— >oo 

We also have for B n : 

n 

B n (t 3 ,t 4 ,t 5 ) = v n (h)n~ 3/2 ^{A^ m {U A C^U% m ] + R n , (6.33) 

l,m=l 

where 

1/2 



m=l 



By the standard argument based on Poincare inequality (I2.5P one can easily get 

Var{(Af/) mm (t)} < C\t\ 2 n-\AA^ T ) mm , 

hence, 

R n = 0(n- 1/2 ), n -»■ oo. (6.34) 
Besides, repeating with obvious modifications steps leading from (I6.19P to ( I6.20p . we get 

lim n^ 2 V EiA^Ku'C^U 5 )^} = K^v(U)v(U). 



l,m=l 

This, (16T33|) . and (ICTjl yield 

B(t 3 , t 4 , * S ) := lim 5 n (t 3 , t 4 , * S ) = K^v(h)v(U)v(t 5 ). (6.35) 
Plugging (16 .32 p . ( I6.35P in (I6.30|) we get equation with respect to T — lim^oo T n : 

T(t 2 ,t 3 ,t A ,t 5 ) + w 2 dt 6 v(t 6 -t 7 )T(t 7 ,t 3 ,U,t 5 )dt 7 
Jo Jo 



B(t 3 , U, t 5 ) - w 2 K (2) v(U)v(t 5 ) / dt 6 / v{t 6 + t 7 )v(t 3 - t 7 )dt 7 , 



"t'2 Pt3 

dt 6 / 
'o Jo 

'(2) '(2) 



where we put = 2T A K} > (see (Q|) . (16TTd|1 ). Solving the equation with the help of 
(E3ZD - Q225D , we obtain 



T(t 2 , * 3 , *4, h) = v{t 2 )B{t 3 , t 4 , t s ) + K {2 \v(t 2 + t 3 ) - v(t 2 )v(t 3 ))v(U)v(t 5 ) 

5 

= {Kf - Kf) Hvitj) + Kfv{t 2 + t 3 )v{U)v{h). 

3=1 
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This and QQfl - flOT]) finally yield flQ3|) . 

(vi) It follows from Poincare inequality (12. 5 P that 



2 n p+1 



l<i<fc<" i,m=l i=2 

Taking into account (I2.26P we see that to get the first part of (I6.14p it suffices to show that 

p+i 

I TT9JTT 1 AWTT 2 ^ 

n (P+2) 



Rn. := I E ^(C/ 1 ^C/ 2 ) fcTO n( C/2i " 1C ' (n)C/2i ) 

j,k=l l,m=l j=2 

as n -»■ oo, (here C/° = C/(t )). Since by fl2TT9|) 



/m 



3=1 



km' 



k=l 



k=l 



then 



n n 



*»=^e| E(- 4, " ,c,2 )-ri( c ' 2 ^ ic, " )f/2j )' 

fc,Z=l m=l j=2 
^ n n n p+1 

s ^ E E k^u" E I II( t ^- IC *" t ^w 



k,l=l m=l 

We have by flTJD and (12~T9|) 



m'=l J=2 



\(A^U 2 ) km \ 2 = Tr A^A^ T = 0(n), n -+ oo, 



fc,m=l 



and by fT2~30|) - fl23Tj) 

E |il(^ 2i-1 C (n) C/ 2i ) 

j,m'=l i=2 



Zm' 



Oirf- 1 ) \iU z C^ n) U A ) lml =0(n p ), n ->• oo. 



Z,m'=l 



Hence, i? n = 0(n 1 ), n — >■ oo, and 



(6.36) 



Var{ 7 ( 1) (t( 2 P+ 2 ))} = Oin- 1 ), n ->■ oo. 
To prove (I6.14p we show that every [/(£) in 

n p+1 
^W(^+2)) = n -(P+D/2 ^ E| (U (ti)A^U (t 2 ))lm \\(U (t2j-l)C^U(t2j))lm^ (6.37) 

l,m=l 0=2 

can be replaced with v n with the error term that vanishes as n — > oo. For this purpose it 
suffices to show that 



¥n\t (p) ) = V n (tl)S n (t 2 , t 2p+2 ) + 0(1), 



n — y oo, 



(6.38) 



40 



where 

n p+1 

6 n (t 2 ,...,t 2p+2 ) = n-^l 2 (A^Uih^^Uihj^C^Uihj))^ (6.39) 

l,m=l j=2 

Applying Duhamel formula (I2.17P and then differentiation formulas (12. 4p . (I2.23P - (I2.27p . we 

get: 

^(W)) = 8 n {t 2 ,...,t 2p+2 ) 

-w 2 drx u(n - r 2 )j£\r 2 ,t 2 , ...,t 2p+2 )dT 2 
Jo Jo 

-w 2 R n (T 1 ,t 2 ,...,t 2p+2 )dr 1 , 
Jo 

where 

R n {n,t 2 , ...,t 2p+2 ) = / E{v° n (r 2 )j^(T 1 -r 2 ,t 2 ,...,t 2p+2 )}dr 2 (6.40) 
Jo 

PTl 

+ / (v n (r 2 ) - v(T 2 ))y£\n - r 2 ,t 2 , ...,t 2p+2 )dr 2 
Jo 

+ n _1 ri7W(ri,t 2 , -,t 2p+2 ) 

+ n ~ l \ InHn + T 2 ,t 2 - T 2 , ...,t 2p+2 )dr 2 
Jo 

+ / Ejn- 1 ^^ + r,)-^—^ U ^2 ~ r 2 ) ^U^^C^U^^dr, 

^° l,m=l j=2 

-, -, n p+1 

+ E /3r fc 1 E{(^(r 1 )AWf/(t 2 )) fcm A fc n(^(^-i)^ (n) ^(^0)/ m }^ 



l,m,k=l 3=2 



It follows from fl2T4Tj) and (l2T39|) with T = —v and i2'(t) = -w 2 R n (t,t 2} ...,t 2p+2 ), that 

_ /■*! 

7? = w(*i)<Jn(*2, -,*2 P +2) - / -ri)i2n(ri,t 2 , -,t2p+2)rfri. 







Hence, to get ( I6.38P it suffices to show that 

R n = o{l), rwoo. (6.41) 

Indeed, the first four terms of the r.h.s. of fl6.40|) vanishes because of ( 16. 7p . the fifth term is 
of the order 0(n _1//2 ), n — > oo, because of ( I2.30P - ( I2.3ip and boundedness of n~ 1 ^ ( r i + r 2); 
and the last term after differentiation gives terms of the form n" 1 ^ 1 ' or 

I I n - p+1 



J2 ^{{UA^UC^U) lm \[{UC^U) lm y (6.42) 



l,m=l j=2 
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which evidently of the order 0(n 1//2 ), n — y oo (see (I2.30p - f !2 . 3 1 [) ). Hence, ( I6.4ip is proved, 
and so does (|6.38|) . It remains to note that (I6.38P holds true for 



n 



-(p+i 



p+i 



W E| {V(ti)A^V(t 2 ))lrn \\(V faj-ljC^V (t 2 j))lrn 



l,m=l 



3=1 



(cf (I6.37P ). where V is equal U or identity matrix /„. Hence, in the limit n — > oo we can 
replace all U of ( I6.37P with v and so get (j6.14p . 

(vii) The proof of (vii) repeats essentially that one of (vi). 

Wigner case. Proofs of all statements (i) - (vii) follow the same scheme based on 
the known facts for the GOE matrices and interpolation procedure proposed while proving 
Theorems 14.21 and 15.11 We demonstrate this scheme proving (i): 

(i) Consider V n (t) := Var{£^(t)} and note that 

V n (t) = Var{gJ(f)} + C£{t, -t), (6.43) 
where ^ and are defined in (I4.2ip and f )4.24p . respectively. By (14. 5 p we have 

Var{gJ(t)} < ct\ (6.44) 

Repeating steps leading from f )4.24p to (I4.28P - ( I4.30p . but using here ( 12. 8 j) with p = 5 instead 
p = 6 in (I4.28P , we get 



1 'J2 s{j ~ iy2T t )+£ * 

3=2 



ds 



(6.45) 



with Tj n) of P5| . and 



C 5 wJ /8 -± 



n 



7/2 



sup \Dt^ lm \< c (i + \t\y. 



l,m=l 



MeS.. 



5.46) 



Consider T x (n) . It is given by il3l with U = t, t 2 = -t. Since T^[ n \ j = 1, 2, 3 of (0} - 
( I4.40p are bounded uniformly in n E N, and every derivative D[ m of U(t) = e ltM ™ gives 
factor t, then 



n 



-3/2 



^ A 2 m (^*^ (rt) ^ m <c(i + |t|) 



Z,m=l 



and by the Schwarz inequality we have for of (14.34j) : 



IT, 



(n)i 



21 



n 

E K 3/2 E A 2 J^ (n) ^W£n°(*)}| < c(i + |t|) 3 K 1/2 - 



(,m=l 



We also have for T 2 ( 2 n) and T^'oi (see (USD and 1)231)) - (ET32|I ): 



n(n) 



Ti?+T 2 W|<c(l + |t|) 3 . 
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Hence, 

|T 2 (n) |<c(l + |t|) 3 (K 1/2 + l). (6.47) 
Treating T 3 (n) of (jPDjl and rj n) , j = 4, 5 of flCTj) in the similar way one can get 

|T 3 W |<c(l + |t|) 4 (\/ 1/2 + l), (6.48) 

|T, (n) |<c(l + |t|y +1 , j = 4,5. (6.49) 

Putting (I6.46P - (I6.49P in (I6.45|) . and then together with (I6.44p in (I6.43p . we get the quadratic 
inequality with respect to Vn 2 '- 

V n - c(l + \t\) A V^ 2 - c(l + \t\) 7 < 0, 

solving which we get V n < c(l + |t|) 4 . 

To finish the proof of (i) it remains to show that 



lim n^E^t)} = T A v(t). (6.50) 

n— >oo 

In the GOE case we have (see (13. 8p ) 

hmn- 1 E{g(t)} = T A t;(t). (6.51) 

n— >oo 

Besides, we have 

i,m=l V \ / 



so that similar to ( 1FT45D - IIB1B]) 



n- 1 E{^)}-n- 1 E{g(«)} = Ijf 1 



(is, 



where 



T 2 n) = -^j2 E E{A 2 m (^*^ (n) ^)^(t, S )}=0(n- 1 ), rWoo, 

and 



J Lm=l 



c / — 

N < V sup \Df m (U*A^U) lm (t,s)\ =0{n- 1 ' 2 ), n -+ oo. 

Hence, 

This and ( 16.5 1[) yield (I6.50p and finish the proof of (i). ■ 
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